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Abstract 

The quantum Hall effect was a constant source of new ideas, most of which are 
related to how topology invades quantum physics. Attractive examples include 
topological isolator, topological order, and topological quantum computations. 
Basically, all of these phenomena are an impressive theoretical construct that involves 
traveling through some of the most fascinating and important developments in the 
field of theoretical and mathematical physics in recent decades. 

The first attack on the problem focussed on the microscopic aspects of the 
electron wavefunctions. Subsequent approaches looked at the system from a more 
coarse-grained, field-theoretic perspective where a subtle construction known as 
Chern-Simons theory plays the key role. Yet another perspective comes from the 
edge of the sample where specific excitations. Graphene now is attracting scientists 
with its peculiar material characteristics.Electrons in graphene strongly interact and 
therefore exhibit fractional quantum Hall effect. But it is remarkable that evidence of 
the collective behavior of electrons in graphene is still lacking. 
The integer quantum Hall effect can be described only in terms of individual 
electrons in a magnetic field while the fractional quantum Hall effect can be 
understood by studying the collective behaviour of all the electrons .The quantum 
Hall effect is also studied in context of conform field theory. Recently, it has been 
proposed that the order parameter of the fractional quantum Hall effect is related to 
the vertex operator, and the ground state wave the function of a certain fractional 
filling factor can be expressed in terms of the N-point correlation function of vertex 
operator. 

The application of conformal field theory has thus been extended into a rather 
specific condensed matter phenomenon. The Laughlin states for N interacting 
electrons at the plateaus of the fractional Hall effect are examined in the 
thermodynamic limit of large N. 
The quantum Hall systems now is a major paradigm in condensed matter physics, 
with important applications such as resistance metrology and measurements of 
fundamental constants. In the recent years, it has been shown that the quantum Hall 
effect is just one member of a much larger family of topologically specific quantum 
states, some of which contain the quantum spin Hall effect which is also known as 
the 2D topological insulator and 3D Tl's. 

The main task of the thesis is to study some aspects of quantum Hall effect and the 
relation with Liouville field theory. 
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Timeliness and relevance 

Graphene is now attracting scientists with its peculiar material characteristics. 

F.le.ctrons in graphcnc strongly interact and therefore exhibit fractional quantum Hall 

effect. But remarkably, the evidence for collective behaviour of electrons in graphene 

still is absent. The integer quantum Hall effect can be described only in terms of 

individual electrons in a magnetic field while the fractional Hall effect is related to the 

collective behavior of electrons. 

I he quantum I !all effect is also studied in the context of conformal field theory. 

Two-dimensional conformal field theories describe statistical systems at critical points 

and provide the classical solutions of string theory. Recently, it has been proposed 

that the order parameter of the fractional quantum Hall effect is related to the vertnx 

operator, and the ground state wave function of a certain fractional filling factor c..111 
be expressed in terms of the N-point correlation function of vertex operators. It\ 

important to notice that the Fractional Quantum Hall effect is possible nl\11 111 

describe by the Liuoville field theory, whose cosmological constant should piny 11 r 1111· 

of a chemical potential, which plays an important role in quantum Hall effoc I 

The electrical conductivity of graphene, a two-dimensional hr:x.1gmMI l11tl11,. 111 

carbon atoms, possesses many qualities necessary for promio;in).l 11pplir.11l11111" 111 11111'1 

fundamental physics and nanotechnology. At energi1?-; lir.low ,, fnw nlr1111111 v11ll" 1111' 

electronic properties of graphene are perfec;tly dr:.,1 r ilu!d by llm I >11111 11111drl 

In a series of papers authors had c:ali ul.11r·cl wruh11 t1v1ty w11h rum '"' 11 H•'fl· 
chemical potential,scattering rate and 11111).lnrtu f 1dd. I lowrvnr uu r n11t r ""111111°.1'. 

functions were not studied propt:r ly in 1111' 1111•"oc111.1• of rum q11.111l11r•d r·~lr·r 11.11 

magnetic field and chemical poh•11t1.1I 

Aim of the dluertatlon 

, I 11 r 1111 11l.1tr· llw 1 111r1·111 1111r1·111 1 111 r d1l1D11 I unction of 3D massive Dirac 

lt•r 11111111•, 111 1111' pr '"·•·111 1· of du·r11rr:.tl potential 

.. I 11 '>l11dy 1111' '11rr 1·111 1 w ri:11l c..orrelation function in presence of external 

111111 q11.111l111·d 111.1grll'l11. field and chemical potential 

I 11 ,.,o11111111· Ir .111!->por t properties of topological insulator and .111.tly11: 

p11l.1111.1lrDn op1:rator 
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> To investigate the boundary Liouvile three point function in mini-superspace 

limit 
> To explore topological defects in Liouville field theory with different 

cosmological constants which is related which can play the role of chemical 

potential in quantum Hall effect 

Novelty of the work 

The basic meaning of the quantum Hall effects (integer and fractional) is that they 

are examples of physical systems in which quantization effects appear 

macroscopically. 

This results arose from an interesting interplay between disorder, topology and 

interactions. The important factor is that an electron is in the magnetic field. 

After solving the Schrodinger equation, so-called Landau levels are obtained, which 

have quantized energy values separated by a large gap. Actually, this is nothing 

special, since most quantum-mechanical problems have a discrete spectrum. But in 

the case of the quantum Hall effect, this discontinuity occurs when we measure the 

Hall conductivity. For the value of conductivity there are two possibilities that lead to 

integer quantum Hall and fractional quantum Hall effects. 

The significance of quantum Hall effect research is related to modern technologies. 

There are some classes of materials whose electric conductivity increases with 

temperature and whose charge carriers can be either positive or negative, depending 

on the impurity introduced into them these materials are called semiconductors. 

Practical value 

> It has been obtained current-current correlation function in 3D massive 

Dirac theo~y with chemical potential. 

> It has been shown the behaviour of current-current correlation function in 

third order of Feynman diagrams in the presence of chemical potential 

and magnetic field . 

> It has been studied the moat spectra of topological insulator regarding cold 

atoms with spin-orbit interacting. 

> It has been obtained boundary three point function on mini-superspace in 

Liouville field theory and also has been computed matrix elements for the 

s 
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Morse potential quantum mechanics. An exact agreement between the 
former and latter has been found. We show that both of them are given by 
the generalized hypergeometric functions. 

>- We construct topological defects in the Liouville filed theory producing 
jump in the value of cosmological constant. We construct them using the 
Cardy-Lewellen equation for the two-point function with defect. 

>- We show that there are continuous and discrete families of such kind of 
defects. 

>- For the continuous family of defects we als.o find the Lagrangian description 
and check its agreement with the solution of the Cardy-Lewellen equation 
using the heavy asymptotic quasi-classical limit. 

Main points to defend 

In the dissertation we will represent the expression of current-current correlation 
function in second order of Feynman diagram with chemical potential. For third 
order Feynamn's diagram will be calculated current response function in the 
presence of chemical potential and magnetic field. For topological insulator with 
moat spectra we will calculate and analyze the operator of polarization. 
Then we will study the mini-superspace limit of the boundary three-point function in 
the boundary Liouville filed theory (BLFT).The boundary three-point function in the 
BLFT will be computed in and expressed via double Gamma and double~ Sine 
functions. Using known asymptotic properties of the double Ganrn1.1 and Sine 
functions we will show that in the mini supcrspacc limit the boundc'lry three point 
function can be expressed via the Meijer functions with tlw unit argument or 
equivalently via the generali.rnd hypergeorrwtr ic: function~ with the unit argument. 
Also we will constructe topological dcfc~cts gluing :m I iouville field theories with 
different cosmological constants. 

Structure of the dissertation 

The dissertation consists of the introduction, five chapters, and finally the list of 
used literature and pictures. 
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Content of the dissertation 

In introduction we briefly discuss the graphene, some aspects of quantum Hall 
effect, topological insulators and boundary Liouville filed theory with different 
cosmological constants. We describe the equation of motion in external magnetic 
field. The fact that magnetic field causes charged particles to move in circles creates 
the Hall effect in context of Drude model, where the resistivity is defined as the 
inverse of the conductivity. 
We also look at the quantum mechanics of free particles moving against the 
background of a magnetic field and creating Landau levels. When we have a 
magnetic field, Zeeman splitting arises between the energies of the spins up and 
down. 

In the presence of a magnetic field, there is a Zeeman splitting between the 
energies of the spins up and down. In the presence of a magnetic field, the energy 
levels of the particles become equal from each other, where the gap between each 
level is proportional to the magnetic field. These energy levels are called Landau 
levels. 

The first chapter shows that the reaction of the fermion system to external gauge 
fields is determined by the current-current correlation function.Transport 
properties of different physical quantities are determined by zero energy-momentum 
limit of it. It is well known close to half-filling the physics of graphene is described by 

(2+ 1) dimensional Dirac theory. 

In this chapter we calculate the current-current correlation function in Dirac theory 

in the presence of chemical potential T/ and gap m. 

Since each Dirac point contributes to response function additively, from Dirac 

action in three-dimensional space-time with chemical potential and gap. We intend to 
calculate the current-current correlation function for the three-dimensional theory 
with the kinetic part for the fermions and the interaction term with gauge filed in 
the one- loop approximation. 
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Fig.1. The lower order Feynman diagram for current-current correlation function. 

The action which describes the graphene in the Effective Field Theory (EFT} 
framework via four-component massive Dirac fermions with instantaneous three­
dimensional Coulomb interactions is the following (in Euclidean space time} 

N.r l 
sg = - If d 2

xdtijli (r
0
ao +vlak + iAor

0 + m )'1'; +--2 f d 2
xdt(akAo)2

• 

i"l 2g 

The current-current correlation function is defined by Feynman diagram (see Fig.1 }. 

Il""(r-r') = (j)r)J,.(r')) 

and in momentum space it reads 

I
, d 3k [ . T. [ Ilw = -x(2 )Jr O"µG(k)O",.G(k+q)] = r d'k r O",.(kPO"r-m)O",.(k,_O", -m)] 

;r -x(2;rJ' [k1+m'][(k+q)2 +m'] 

The four-component fermionic structure is conditioned by the existence of the 
quasi-particle excitations in two sublattices in the graphene around two Dirac points. 
Note that for grapheme model's case with four-component fermions, the last term 
linear by mass must be annihilated due to the contributions of two different two­
dimensional fermions with opposite parities. The expression of Trace combined with 
the formula of Feynman parameterization. The shift of integration energy/momentum 
gives 

_
7

f,' d'k f' 2k1'k' -6P''(k'+m2 +q2x(l-x))+2x(l-x)(<F''q2-q•'q'') 
11 - _ -. J, dx ( ) 

'" '(211')' ' k2+m 2 +q2x(l-x) 2 
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Thus, three terms are chosen in the last equation in this way: the first is the part that 

does not satisfy the condition of charge conservation . The third term is the anomaly 
part. Second, the main transversal term is 

I1(2)=2("P" 2_ f' ")[ d
3
k rd 2x(l-x) 

µ•· u q q q 3 J, x ( ) 
(27!') k'+m 2 +q2x(l-x) 2 

Then, forq 2
;::: 4(77 2 

-m
2

);::: 0 when the square root in the expression of is real, the 

integral gives 

11121 
µ> 

4m' / 4(1)
2
-m

2
) 

(J'"'q'-qµq'') [ I (1 (ry'+2m' 1))1 4(11'-m')) I-7 qVI q' -'----'----'--'--' x - + --- - +--arctan~---''---
ff 1277 q2 q' 8q 277 

In the opposite region 4(7] 2 
-m

2
) ~ q2 

the integral becomes 

rr<2) 
µ<' 

(Jµ' q' - q' q'') 

127!'77 

For the case (r/-m
2

):::; 0 the expression for x1,2 defines larger than segment 

[O, 1] region and we have to put x
1 
= 0, x

2 
= 1 . We have a result 

fll2J 
)11' 

(Jw q' - qµq") ..!_(2111 + (1- 411'.
2

) arctan _lL_ ). 
;r Sq q q- 2m 

n<ii -
µv -

im q E 11• q i q2 

_E__!_E_ arctan[--] = --sign[m] qP E1'"P + 0(-2 ) 

27rq 21 m I 47r m 
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The result for the grapheme with two Dirac fields of opposite chirality is 

TI,,.,, = 2n;;; because the anomaly term will be cancelled. 

In second chapter we calculate the response of fermionic system to external gauge 
fields in presence of non-quantized magnetic field is determined by current-current 

correlation function. We study 2D dimensional Dirac electron system and calculate 

current-current correlation function in a presence of magnetic field B ,chemical 

potential and gap. The magnetic field dependence of the current-current correlation 

function is defined by third order Feynman diagrams in Fig. 2. For current-current 

correlation function we get 

IIµ,(B)=- 4 i~ (µ•q,(I"+i17J(-l-2 11 4(172-1112) +___!_(!- 11 4(17'-1112))) 
;r 17 m2 + g___ V q2 17

2 V q2 

I 
I 

P' 
k-+p /~,. k-

/ "'-
J.l L __ ::~J 

k+ 
a} 

4 

I 
I 

k~ k"'+p 

~l/~~-~3 
k-
hl 

Fig.2. Third order Feynman diagram for current-current correlation function 

The third chapter is about topological insulators. Topological insulators (Tis) are a 

class of such materials, and nowadays they are a hot topics for the research. 

As Tis are related to a new side of quantum mechanics, the topology of the Hilbert 

space, they brought a new understanding to the considered workings of nature. 

Tis are called "topological" because the wave functions representing their electronic 

state range a Hilbert space that has a nontrivial topology. Quantum-mechanical wave 

functions are characterized by linear combinations of orthonormal vectors creating a 

basis set, and the abstract space spanned by this orthonormal basis is called Hilbert 
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space. In crystalline solids, the wave function can be viewed as a mapping from the k­

space to a manifold in the Hilbert space (or in its projection), and hence the topology 

becomes relevant to electronic states in the solids. 
Depending on the way the Hilbert-space topology becomes nontrivial, there can be 

various different kinds of Tis. 

An important consequence of the nontrivial topology related to the wave functions 

of the insulator is that the gapless interface state necessarily manifests itself when the 

insulator physically ends and collides with a conventional insulator (including 

vacuum) . 
This happens because the nontrivial topology is a discrete characteristic of 

gapped energy states, and as long as the energy gap remains open, the topology 

cannot change; hence, in order the topology to change across the interface into a 

trivial one, the gap must be closed at the interface. Therefore, three-dimensional 3D 

Tis are always connected with the gapless surface states, and so aretwo-dim ensional 

(2D) Tis with gapless edge states . This necessity condition for the occurrence of 

gapless interface states is called bulk-boundary correspondence in topological 

phases. 
As for the two-dimensional Dirac fermions, they can also be observed on the 

surface of three-dimensional topological insulators. 
Although they are doubled, it is easier to control them, because they occur on 

opposite surfaces that are spatially separated. 

Some experimental and theoretical studies on the QHE of the surface states of 

topological insulators have been examined. Particularly, in a magnetic topological 

insulator with broken inversion symmetry nondegenerate surface states have been 

realized and the QHE for a single Dirac fermion has been observed. 

In third chapter the polarization operator of non-relativistic fermions with spin-orbit 

(SO) Rashba interaction is presented. The spectrum of this fermions is moat type 

having minimum on a circle. Contrary to the Dirac or non-relativistic fermions Fermi 

sea, here there is a geometry of Corbino disk which reflects on a transport 

properties of excitation's. In modern physics there are materials, such as topological 

insulators (Tl), where the spectrum of non-relativistic particles is combined with 

relativistic Dirac component. 

The analysis of the transport properties of this type of system is an important task 

that needs to be solved. 

The polarization operator is a mathematical construction that determines both the 

longitudinal and Hall conductivities on the one hand and the effective action of the 

gauge field defined by quantum fluctuations of fermions, on the other. In this 
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chapter, the calculation of the polarization operator of fermions with a spectrum of 
the type is presented. The most common form of the main Hamiltonian of such 
systems is 

H(k) =Ek+ L d;(k)a, 
i=X,)',Z 

Characteristics picture of two branches of this spectrum is presented in Fig.3, 
while only lower branch is forming the ground state. 

r
i~·-. __ _ 

"-! l.t 

Ek / 
.J 

kx 
ky 

Fig.3. Two branches of spectra of moat type 

In Fig.4a the characteristic form of the Fermi sea is presented 
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In result for longitudinal conductivity as a coefficient of linear response to external 
electric field is obtained 

a"(m)= T"(k11_,0)-T"(ku-.O) i 

8ff(J_- v;) m+ 2i17 
m Ek 

We have presented here the calculation of the polarization operator in the 
fermionic system, which have moat type spectrum. The answer has normal part, 
leading to Drude conductivity and anomaly part, defined by Rashba SO-term in the 
Hamiltonian. The result presents correct, expected limits atvF = o, when Rashba 

term is zero, at m = w ,when non-relativistic part of the Hamiltonian is zero and we 
have only Rashba term. At the minimal chemical potential the conductivity became 
zero. 

a 
b 

-2 ;;: 

a b 

Fig.4. (a) Lower branch of spectrum with filled Fermi sea. (b) The Fermi 
momentum of inner and outer circles 

In fourth chapter it is presented the min1-superspace limit of boundary three­
point function in Liouville field theory. In this chapter the matrix elements of the 
boundary Liouville field theory are studied in the mini-superspace limit. In the 
minisuperspace limit only the zero mode dynamics survives and the theory is 
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reduced to the corresponding quantum mechanical problem. The m1n1-superspace 
limit of the Liouville field theory was considered in some works. In this chapter we 
study the mini-superspace limit of the boundary three-point function in the BLFT. 
The boundary three-point function in the BLFT was computed and expressed via 
double Gamma and double Sine functions. Using known asymptotic properties of the 
double Gamma and Sine functions, we have shown that in the mini-superspace limit 
the boundary three-point function can be expressed via the Meijer functions with the 
unit argument or equivalently via the generalized hypergeometric functions with the 
unit argument. Also the matrix elements are computed for the Morse potential and 
have shown that they can be expressed via the generalized hypergeometric 
functions with the unit argument as well. Using the identities, relating different 
generalized hypergeometric functions with the unit argument, and matching 
quantum and classical parameters, we established exact agreement between the mini­
superspace limit of the boundary three-point function and the matrix elements for 
the Morse potential. It is important to note that in the BLFT relation of the boundary 
cosmological parameter to the corresponding quantum parameter appearing in the 
boundary one-point function is two-fold due to a sign ambiguity in the choice of the 
square-root branch. It has been found that to match the minisuperspace limit of the 
boundary three-point function with the corresponding quantum mechanical matrix 
element 
we should use the branch with the negative sign. In the thesis we also show that the 
passing from one branch to the another one brings to additional factor in the 
normalization of the wave functions corresponding to the boundary condition 
changing operators. We would like also to mention that various consequences of the 
branching of the BLFT parameters earlier were considered in some publications. 

In the mini-superspace limit the boundary Liouville field theory is described by the 
Hamiltonian with the Morse potential. The corresponding eigenfuntions satisfy the 
Schrodinger equation. It has been discussed in this chapter quasi-classical properties 
of the boundary three-point functions. We found perfect agreement with the 
corresponding quantum mechanical calculations. The matching of the calculations 
required to consider the negative branch in the branched correspondence of the 
classical and quantum parameters. It has been shown that passing from one branch 
to another leads to the change in the normalization of the wave functions. It has been 
found the flip of the boundary conditions induced by the exponential operators in the 
minisuperspace limit. 

In fifth chapter it is constructed the topological defect in the Liouville field theory 
producing jump in the value of cosmological constant. We construct it using the 

14 

Cardy-Lewellen equation for the two-point function with defect. It has been shown 
that there are continuous and discrete families of such kind of defects. For the 
continuous family of defects we found the Lagrangian description and check its 
agreement with the solution of the Cardy-Lewellen equation using the heavy 
asymptotic semiclasscial limit. The connection between the fractional Hall effect and 
two-dimensional conformal field theories is well known and has many different 
aspects.Much effort was put into establishing connections between various conformal 
blocks and Laughlin's wave functions. 

Cappelli with collaborators studied the Hall effect using incompressible fluid 
approach with symmetry. In were considered conformal blocks and their relation to 
Hall effect on arbitrary Riemann surface. Another very interesting aspect is the 
relation between edge physics of Hall effect and 20 CFT with boundaries and 
topological defects. In the recent works emerged important role of 20 Liouville CFT 
in study of the fractional Hall effect. In these works the Liouville theory cosmological 
constant plays the role of the chemical potential. 

Therefore one can hope that boundary Liouville field theory and Liouville theory 
with defects can have applications to the edge physics of Hall effect. In the fourth 
chapter it is studied three-point boundary correlation function in the Liouville field 
theory. The motivation for the second work was the fact that in the FQHE one has 
jump of the chemical potential . In the fifth chapter it is constructed topological 
defect gluing Liouville field theories with different cosmological constant. We have an 
impression that our construction can be useful to understand the physics of the 
mentioned jump. It has been checked that the system of the defect equations of 
motion guarantees that both components of the energy-momentum tensor are 
continuous across the defects and therefore describes topological defects. 

In conclusion, the main results of the dissertation are listed. 

The complete list of used literature is presented in the thesis. 

Dissertation's presentation 
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The main results of the thesis were discussed at the YerPhl Joint Theoretical Physics 
Laboratory and Yerevan State University(YSU). 
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U!I1fm1fmur 

'l-JlubplllwgjiwJr Llb2 mumtiuwupplj_mu bu (.nLLP 124.wulllwjpu bpllmJra'1 nrn2 
WUUjbl.jL11ubpQ_: 'tplllW[ll.jlj_bl t 2+1 2wt{lwup 'tppwl.jp wuq_wuq.Lj_wo ~bpupnuUb[lpg 
l.jwqulj_wo hwuwl.jwpq., npp oppuwl.j t q.pw~buQ_:(.w24.4.bL t hwri.nrrJ.wl.jwunqa-JmUQ. 
q.pw~bumu l.jwuw1wl.Jwu l2'1Llpwl.jwu UjnlllbugpwLr wnwl.jwjnL[aJWU r].bl412mu 
&bjuLlwur rJ.rwq.pwur ubl.j ori.wLtw1ru unL11wlJ.nrmra1wup: uuwu hwuwl.jwpq.bp[! 
hbL11w12r12'1r bu urwunlj_, np WJI'). LlnrJ.bLubpmtI huwrw4.nr t r].plllbl (.nll'1 
124.wulllWJPLl bpllmJra qpnjwl.jwu hwri.nprJ.wl.jwtimraJwU u qpnjwl.jwu uwq.upuwl.jwu 
rJ.W2Ll1'1 pwgwl.Jw1mra1wu rJ.bll112mu: U2tuwL11wuur ub2 uL11wglJ.bL t 
W[llllWhWjlllnL[ajnLU pubnwguwu OUjbpwllln[lp hwuwp, npp hw24_wpl.j[! [anLJL t 
U1WLPU nrnzbL umJu hwrinprJ.wl.jwtimraJmU[!: 
'tpubpL11wgrw1'1 ub2 hw24.4.bL t uwu 2+ 1 2wt{lwup hwuwl.jwpq.p hwuwr hnuwu12-

hnuwti12 l.jnpblpwgpnu ~mul.jgpwu l.jwtlwjwl.jwu l2'1Llpwl.jwu UjnL11bugpwl'1 ll n2-
124_wtiL11wg4_wo W[1Ll1Wl2PU uwq.upuwl.jwu l').W2Ll1P wnl.jwjnL[aJWU r].bUjpmu: 
<w24_wpl.jubpu ppwl.jwuwglJ.bt bu &bjUUWup r].pwq.pwuubpp bppnpr]. l.jwpq.p 
Unl.llwlj_n[lnLfOJWUfl (3+ 1 iWL{lWuJl hwuwl.jwpq.bpmu UUWU r].pWq.[lWUUb[lU 
wutihtitwglj_mu bu &wrrtiti rabnpbtip hwtiwow1u): 
d-wuwuwl.jwl.jpg ~pqpl.Jw1mtI l.jwu nrn2 UJmrabp, pu2Llltiuti12 bu oppuwl.j 
Lllnlllnlnq.[lwl.jwu ubl.jmu[12ubpu bqpwjpu 4_p6wl.jubpn4_, npnu12 tibo 
hbll1Wl2[1J2[1nLfOJnLU bu ubpl.jwjwgt.imtI: SnUjntnq.pw4wu ub4mup2ubpp hwtiwp 
hw24.4.bL t pubnwgtiwu oUjbpwllln[lQ. n2-nbJLWU1plj_puU1[ll.j ~bptipnuubr'1 n-w2pw 
ullltiu-mriborw1titi t{lntuwql').bgmraJwu wnLtw1mra1wu rJ.bll112mu: tubpq.pwl.jwu 
LIUjblll[lU WJl').Ujpup ~bpupnutibpp t{lnuwou t U mup Upupumu 2[12WUp Lj_pw: p 
hwl.JwrJ.rmro1mu 'l-tirw4ti l.jwtI n2-nbJLWU1'14.[luL11pl.j ~bpt.lpnuubr'1 WJulllb'l. &bruti 
«On4_u» mup ~npppunjp ul.jwlj_wnwl.jp bpl.jpw2wt{lnqa-JnLU, npu W[llllWhWJUlnLU t 
tunU1mpmt.lubr'1 U1bri.wt.Pntuwl.Jwu hwuil.Jmra1muubp[!: 

'tpU1wrl.J4.bt bu Lllnlllnlnq.pwl.jwu rJ.b~bl.juiubr Ltim4.titL'1 rJ.w2uir U1bumra1wu 
2r2wuwl.jubpmtI l.jnuunlnq.pl.jwu hWUUlWLllnLUp ranti212n4.: ut.lwti UnrJ.bL l.jwnmglJ.bL t 
oq.uiwq.npobtn4. ~wrrJ.'1-Lll'1Lbup hwlj_wuwpmtI[! rJ.b~bl.jU1nlj_ bpl.jm l.jbU1wuti 
~mtil.jgtJw1ti hwtiwp:5mJg t U1plJ.bL,nr l.jwu rJ.tiul.JpbU1 u wu[!urJ.hwlll Q.UU1wuppubr 
Mwu rJ.b~bl.juitibr[l:'tb~bl.Juiubrr wu[!urJ.hwui (!Ul11wuti12ti hwtiwr q.U1ulJ.bL t 
Lwq.pwUcJ-[lwu ul.jwpwq.rmraJmD[! u UU1mq.4.bL t hwuwi'iwjilmraJmil[! ~Wflf'l.'1-

LlltiLbilp hwlj_wuwpt.lwil hblll' owilr wupULI.jU1nl11pl.j l.jpLIWl'}WLil.jwu 
uwht.lwunu.f:~wu.il! (.nllti 124.willllwjpu bpllmJrati u bpl.jm 2wt{lwi1'1 l.jnti~nrtI 

l').W2l11P LllbLinLfOJWD hbui hWJU1Llp U mup UlW[lpb[l WUUjbl.jU1ubp: 
nr.umt.ltiwutir4.bL bi.I bqpwjpil Ltim4.tiLti uibumra1wi1 UWU1ppgwl.jwi1 

tLbtlbiJU1tibp !! 
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tipilp-q.bpuiwpwowl.jwu uwhtiwilmtI, WJ11- uwhuwilmt.I tiilmt.I bi.I Llpwjil qpnJwl.jwu 
tin11-brQ, nrti wrf1.Jmi112mt.1 q.wttiu bi112 l24.wuL11wt.1btuwutil.Jwl.jwu tuilf'l.rr: LJtiur­
q.bpU1wpwawl.jwil uwhtiwilmtI hw24.4.bL t bqpwJtiil Ltim4.rLLr rJ.w2uiti uibumra1wu 
b[lbl2 l.jbU1WiJp ~mul.jgpWU, npu W[lU1WhWJLl14_bt t q_ntjq. q.WUUW U UpUntUnfll').WjpiJ 
~mul.jgpwilbpp t.IJ12ngn4_: Oq.U1wq.npobLn4. wuptILI.jU1nL11pl.j hwU1l.jmra1muubp[! 
u24_wo ~mtil.jg[lwubpp' gmjg t Ul[llJ.bL, np upilp-q.bpU1W[lWOWl.jwiJ uwhtlwumu 
bqpwJpil brb12 l.jbuiwup ~mul.jgpwil l.Jwrnri t wruiwhwJU14.bL lJbJbrti tipwlJ.nr 
wpq.mubuL11nlj_ l.jwt.I tLt4.ti4.wLbilui (!Uf1.hwupwg4_wo t.lpwlj_np wpq.mtibuuinlj_ 
hpUjbpbpl.jpw2wlj1wl.jwu ~mul.jgpwubpp tip2ngn4_: <w24_4.bL bu uwu LJ npqb 
u.inuibtigrwLr tiwuirtigwl.jwu tLbtibuuiubrl! u gm1g t U1p4_bL,nr urwu12 um1ulllbu 
l.Jwrnri bl:i wpU1whw1m4.bL hwtiwu.iwlllwutuwti hpUjbpbrl.Jrw2wlj1wl.jwl:i 
~mul.jgpwl:Jbpn4_: 
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HeK0Topb1e acneKTbl RsneH1iu1 KBaHTosoro Xonna 

PeJi<>Me 

B Alllcceprau,111111 1113y'-laKJTCR HeKornpb1e acneKTbl 3cpcpeKra KBaHTosoro Xonna.6b111a 

pacCMOTpeHa (2+1)-MepHa/1 ClllCTeMa COCTORUJ,aR 1113 A111paKOBCKlllX 6e3MaCCOBblX 

cpepMlllOHOB,np111MepoM KOTOporo RB!lReTCR rpacpeH. npoBOAlllMOCTb 6b1na paCC'-1111-

TaHa AllR rpacpeHa np111 np01113BOJlbHOM XlllMl!l'-leCKOM noTeHu,111a11e B np1116111111KeH111111 

OAHOnernesoiii A111arpaMMbl ct>eiiiHMaHa. TaK111e c111creMb1 111HrepeCHb1 TeM, '-ITO s 3TlllX 

MOAellRX MOIKHO Ha611KJAaTb llB1leH111e KBaHTOBOro 3cpcpeKTa Xonna np111 orcyrcTBllllll 

Hynesoiii npoBOAlllMOCTlll 111 Hynesoro MarHlllTHOro no1111. B pa6ore 6b111a nony'-leHa 

cpopMyna A11R no1111p1113au,1110HHoro oneparopa, pac'-leT Koropoiii no3so11ReT onpeAe-

111/lTb npOBOAlllMOCTb. 

B Alllcceprau,111111 pacC'-llllTaHa raKme TOK-TOK Koppe11Au,1110HHa11 cpyHKu,11111 Alli'! 2+1-

MepHoiii c111creMb1 s cny'-lae npo1113so11bHOro x111M111'-lecKoro noreH-u,111a11a 111 

HeKsaHTOBaHHOro BHewHero MarHlllTHoro no1111. Pac'-leTbl npoBOAllllllllCb B 

np1116111111KeH1t1111 rperbero nop11AKa AlllarpaMM ct>eiiiHMaHa (3 + 1 MepHblX c1ttcTeMax 

TaK111e A1ttarpaMMb1 He y'-l111Tb1BaKJTCll cornacHo reopeMe ct>app1t1). B cospeMeHHoiii 

cp1t131t1Ke cyw.ecrsyKJT HeKoropb1e sew.ecrsa, Hanp111Mep rono11or111'-lecK111e 1113011ATOpb1 c 

KOHe'-IHblMlll COCT0/1Hlt1/1Mlt1, KOTOpble npeACTaBflllK)T 6011bWOiii ltlHTepec. ,ll,nll 

rono11orn'-lecK111x 11130llllTOpos pacc'-l1t1TaH oneparop no1111p1113au,1t11t1 Alli'! cn1t1H-op61t1-

ra11bHoro B3a1t1MOAeiiicrs1t111 Paw6b1 c Hepen11T111B1t1CTCK111M1t1 cpepM1110HaM1t1. 3Heprern­

'-leCKllliii cneKrp raK111x cpepM1ttOHOB npeAcras1111er co6oiii 11My 111 111Meer MlllH1t1-

Ma11bHYKJ OKpymHOCTb. 

B orn111'-l111e or A111paKoscK111x 11111111 Hepeiii1111rns111crcK111x cpepMlllOHOB, Mope ct>epM1t1 

111Meer re0Merp111KJ AlllCKa Kopfa1Ho, KOTOpa11 orpamaer rpaHcnopTHb1e csoiiicrsa 

s036y1KAeH1ttiii. PaccMorpeHbl rono11or111'-lecK1tte AecjleKTbl s reop1111t1 Jl111ys11111n11 c 

pa31llll'-1HblMlll KOCMOllOrlll'-leCKltlMlll KOHCTaHTaMl!I. AHallOrlll'-1Ha11 MOAellb 6b111a 

nocrpoeHa c 111cnollb30BaH111eM ypasHeH1t111 KapA111-nes11111eHa c AecpeKTOM Allll 

ABYXTO'-le'-IHOiii cpyHKLl,ltlltl. noKa3aHO, '-ITO cyw.ecrnyKn AlllCKpeTHble Ill nOCTOl'IHHble 

ceMeiiicrsa c TaK111M111 AecpeKTaM111. ,ll,J1R HenpepblBHOro ceMeiiicrsa AecpeKTOB 6b1110 

HaiiiAeHo on111caH111e 11arpaHm111aHa 111 noKa3aHo cornac111e c ypasHeH111eM KapA111-

nes11111eHa B rnmenoM KBa3111KllaCCl!l'-leCKOM npeAene. B3alllMOCB/13b MelKAY KBaHTOBblM 

3cpcpeKTOM Xo1111a 111 ABYMepHoiii KOMcj:>opMHoiii reop111eiii no1111 111Meer pa311111'-1Hb1e 

acneKTbl. Mare-MaT111'-lecK111e 3JleMeHTbl rpaHlll'-IHoiii reop111111 Jl111ys11111n11 1113y'-la11111cb s 

paMKax MlllH111-cynepnpocrpaHCTBe. B 3TOM npeAene ocraKJTC11 TOllbKO Hy11esb1e MOAbl, 

111 s pe3y11brare Mbl np111XOAlllM K KBaHToso-MexaHlllYecKoiii 3aAa'-le. Marp111Y-Hble 

3/leMeHTbl rpaHlll'-IHOH TeOp1t1111 n111ys111111111 1113Y'-lal1111Cb B MltlHlll-CynepnpocrpaHCTB, rAe 

OCTaKJTC/1 TOllbKO HyneBble MOAbl, lt1 B pe3YllbTaTe Mbl npl!IXOAlllM K KBaHTOBO­

MexaHl!l'-leCKOiii 3aAa'-le. B MlllH111-cynepnpocrpaHcrse 6b111a pacc'-11t1TaHa npeAe11bHa11 
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rpexroYe'-IHa11 cj:>yHKL.J,11111 reop111111 no1111 J1111ys111111111, Koropa11 6b1na Bb1pameHa '-1epe3 

'-leTHyKJ laMMa-cpyHKL.J,111111 Ill CltlHYCOlllAallbHble cpyHKLl,lllltl. V1cnOl1b3YR aC111MnTOT111'-1eCKl!le 
CBOiiiCTBa 3TlllX cpyHKL.J,llliii, 6bll10 noKa3aHo, '-ITO KOHe'-IHal'I rpeXTOYe'-IHaR cpyHKL.J,lllll B 

npeAene M111H111-cynepnpocrpaHcrna Mamer 6b1Tb BblpameHa Yepe3 cj:>yHKL.J,lllKJ Meiiiepa 

eAltlHlll'-IHblM apryMeHTOM lllJlltl '-1epe3 3KBlllBalleHTHYKJ o6o6w,eHHyKJ rnnepreoMeT­

p111'-1eCKYKJ ·cpyHKL.J,lllKJ eAlllHlll'-IHblM apryMeHTOM. Marp111'-IHb1e 311eMeHTbl noreHu,111a11a 

Mop3e TaKIKe 6b111111 Bbl'-l111c11eHb1 1t1 noKa3aHbl, '-ITO 0H111 raKme Moryr 6b1Tb Bb1pameHb1 
B COOTBeTCTBYIOW.lllX rnneprpoMerp111'-leCKlllX cpyHKL.J,lllllX. 

1,.: .(,,(, it( . 

21 


