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Abstract

The quantum Hall effect was a constant source of new ideas, most of which are
related to how topology invades quantum physics. Attractive examples include
topological isolator, topological order, and topological quantum computations.
Basically, all of these phenomena are an impressive theoretica! construct that invoives
traveling through some of the most fascinating and important developments in the
field of theoretical and mathematical physics in recent decades.

The first attack on the problem focussed on the microscopic aspects of the

 electron wavefunctions. Subsequent approaches looked at the system from a more

coarse-grained, field-theoretic perspective where a subtle construction known as
Chern-Simons theory plays the key role. Yet another perspective comes from the
edge of the sample where specific excitations. Graphene now is attracting scientists
with its peculiar material characteristics.Electrons in graphene strongly interact and
therefore exhibit fractional quantum Hall effect. But it is remarkable that evidence of
the collective behavior of electrons in graphene is still lacking.

The integer quantum Hall effect can be described only in terms of individual
electrons in a magnetic field while the fractional quantum Hall effect can be
understood by studying the collective behaviour of all the electrons .The quantum
Hall effect is also studied in context of conform field theory. Recently, it has been
proposed that the order parameter of the fractional quantum Hall effect is related to
the vertex operator, and the ground state wave the function of a certain fractional
filling factor can be expressed in terms of the N-point correlation function of vertex
operator.

The application of conformal field theory has thus been extended into a rather
specific condensed matter phenomenon. The Laughlin states for N interacting
electrons at the plateaus of the fractional Hall effect are examined in the
thermodynamic limit of large N.

The quantum Hall systems now is a major paradigm in condensed matter physics,
with important applications such as resistance metrology and measurements of
fundamental constants. In the recent years, it has been shown that the quantum Hall
effect is just one member of a much larger family of topologically specific quantum
states, some of which contain the quantum spin Hall effect which is also known as
the 2D topological insulator and 3D Tl’s.

The main task of the thesis is to study some aspects of quantum Hall effect and the
relation with Liouville field theory.




Timeliness and relevance

Graphene is now attracting scientists with its peculiar material characteristics.
Electrons in graphene strongly interact and therefore exhibit fractional quantum Hall
effect. But remarkably, the evidence for collective behaviour of electrons in graphene
still is absent. The integer quantum Hall effect can be described only in terms of
individual electrons in a magnetic field while the fractional Hall effect is related to the
collective behavior of electrons. '

The quantum Hall cffect is also studied in the context of conformal field theory.
Two-dimensional conformal field theories describe statistical systems at critical points
and provide the classical solutions of string theory. Recently, it has been proposed
that the order parameter of the fractional quantum Hall effect is related to the vertex
operator, and the ground state wave function of a certain fractional filling factor can
be expressed in terms of the N-point correlation function of vertex operatars. Ii*
important to notice that the Fractional Quantum Hall effect is possible also to
describe by the Liuoville field theory, whose cosmological constant should play a tole
of a chemical potential, which plays an important role in quantum Hall effect

The electrical conductivity of graphene, a two-dimensional hexagonal lattice o
carbon atoms, possesses many qualities necessary for promising applications in hoth
fundamental physics and nanotechnology. At energies helow a lew elactron volis the
electronic properties of graphene are perfectly described by the Dirge model

In a series of papers authors had calculated conductivity with non sero gap,
chemical potential,scattering rate and magnetic field.  Howevar curtent tesponee
functions were not studied properly in the  presence ol non gquantized external
magnetic field and chemical potential

Aim of the dissertation

7 localcudate the carcent current conrelation lunction of 3D massive Dirac
fermmons i the presence of chemical potential

|
# Lo study  the careent current correlation function in presence of external
non quantized magneti. field and chemical potential
s lu esamine transport properties of topological insulator and analyse
polarization operator
4

» To investigate the boundary Liouvile three point function in mini-superspace
limit

» To explore topological defects in Liouville field theory with different
cosmological constants which is related which can play the role of chemical
potential in quantum Hall effect

Noveity of the work

The basic meaning of the quantum Hall effects {integer and fractional) is that they
are examples of physical systems in which quantization effects appear
macroscopically.

This results arose from an interesting interplay between disorder, topology and
interactions. The important factor is that an electron is in the magnetic field.

After solving the Schridinger equation, so-called Landau levels are obtained, which
have quantized energy values separated by a large gap. Actually, this is nothing
special, since most quantum-mechanical problems have a discrete spectrum. But in
the case of the quantum Hall effect, this discontinuity occurs when we measure the
Hall conductivity. For the value of conductivity there are two possibilities that lead to
integer quantum Hall and fractional quantum Hall effects.

The significance of quantum Hall effect research is related to modern technologies.
There are some classes of materials whose electric conductivity increases with
temperature and whose charge carriers can be either positive or negative, depending
on the impurity introduced into them these materials are called semiconductors.

Practical value

> It has been obtained current-current correlation function in 3D massive
Dirac theory with chemical potential.

» It has been shown the behaviour of current-current correlation function in
third order of Feynman diagrams in the presence of chemical potential
and magnetic field .

» It.has been studied the moat spectra of topological insulator regarding cold

atoms with spin-orbit interacting.

It has been obtained boundary three point function on mini-superspace in

Liouville field theory and also has been computed matrix elements for the

\dl
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Morse potential quantum mechanics. An exact agreement between the
former and latter has been found. We show that both of them are given by
the generalized hypergeometric functions.

> We construct topological defects in the Liouville filed theory producing
jump in the value of cosmological constant. We construct them using the
Cardy-Lewellen equation for the two-point function with defect.

> We show that there are continuous and discrete families of such kind of
defects.

> For the continuous family of defects we also find the Lagrangian description

and check its agreement with the solution of the Cardy-Lewellen equation
using the heavy asymptotic quasi-classical limit.

Main points to defend

In the dissertation we will represent the expression of current-current correlation

function in second order of Feynman diagram with chemical potential. For third
order Feynamn’s diagram will be calculated current response function in the
presence of chemical potential and magnetic field. For topological insulator with
moat spectra we will calculate and analyze the operator of polarization.
Then we will study the mini-superspace limit of the boundary three-point function in
the boundary Liouville filed theory (BLFT).The boundary three-point function in the
BLFT will be computed in and expressed via double Gamma and double Sine
functions. Using known asymptotic properties of the double Gamma and Sine
functions we will show that in the mini superspace limit the boundary three point
function can be expressed via the Meijer functions with the unit argument or
equivalently via the generalized hypergeometric functions with the unit argument.
Also we will constructe topological defects gluing 2D liouville field theories with
different cosmological constants.

Structure of the dissertation

The dissertation consists of the introduction, five chapters, and finally the list of
used literature and pictures.

Content of the dissertation

In introduction we briefly discuss the graphene, some aspects of quantum Hall

effect, topological insulators and boundary Liouville filed theory with different
cosmological constants. We describe the equation of motion in external magnetic
field. The fact that magnetic field causes charged particles to move in circles creates
the Hall effect in context of Drude model, where the resistivity is defined as the
inverse of the conductivity.
We also look at the quantum mechanics of free particles moving against the
background of a magnetic field and creating Landau levels. When we have a
magnetic field, Zeeman splitting arises between the energies of the spins up and
down.

In the presence of a magnetic field, there is a Zeeman splitting between the
energies of the spins up and down. In the presence of a magnetic field, the energy
levels of the particles become equal from each other, where the gap between each
level is proportional to the magnetic field. These energy levels are called Landau
levels.

The first chapter shows that the reaction of the fermion system to external gauge
fields is determined by the current-current  correlation function.Transport
properties of different physical quantities are determined by zero energy-momentum
limit of it. It is well known close to half-filling the physics of graphene is described by
(2+1) dimensional Dirac theory.

In this chapter we calculate the current-current correlation function in Dirac theory
in the presence of chemical potential 7 and gapm .
Since each Dirac point contributes to response function additively, from Dirac

action in three-dimensional space-time with chemical potential and gap. We intend to
calculate the current-current correlation function for the three-dimensional theory
with the kinetic part for the fermions and the interaction term with  gauge filed in
the one- loop approximation.
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Fig.1. The lower order Feynman diagram for current-current correlation function.

The action which describes the graphene in the Effective Field Theory (EFT)
framework via four-component massive Dirac fermions with instantaneous three-
dimensional Coulomb interactions is the following (in Euclidean space time)

Y
S, == [d*xdeig, (10, + vy 8, +idyy" +m)y, + xdt(3, 4, ).
i=l

The current-current correlation function is defined by Feynman diagram (see Fig.1).
I, (r— )= {u (r)7.(r"))

and in momentum space it reads

0, = [ 25 1o, 6te,Gk + )] = [ 2, A A A
@) =Q2r) [+ m?] [k +q)? +m?]
The four-component fermionic structure is conditioned by the existence of the
quasi-particle excitations in two sublattices in the graphene around two Dirac points.
Note that for grapheme model’s case with four-component fermions, the last term
linear by mass must be annihilated due to the contributions of two different two-
dimensional fermions with opposite parities. The expression of Trace combined with
the formula of Feynman parameterization. The shift of integration energy/momentum
gives
[ d'k f" 27k =5 (kK +m? + @ x(1- )+ 2x(1- x)(67¢* - ¢"q")

11, =2 T
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Thus, three terms are chosen in the last equation in this way: the first is the part that

_l—[tl) +H(’)+H(3)
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does not satisfy the condition of charge conservation .The third term is the anomaly
part. Second, the main transversal term is

d’k _Edv 2x(1-x)
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Then, forg® 24(n* —m*)20 when the square root in the expression of is real, the
integral gives
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In the opposite region An'-m*)z q2 the integral becomes
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av .
127n

For the case (7" —m")<0 the expression for X, , defines larger than segment

[0,1] region and we have to put x, =0,x, =1. We have a result
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The result for the grapheme with two Dirac fields of opposite chirality is
_ (2

M., =2IL0 because the anomaly term will be cancelled.
In second chapter we calculate the response of fermionic system to external gauge
fields in presence of non-quantized magnetic field is determined by current-current
correlation function. We study 2D dimensional Dirac electron system and calculate

current-current correlation function in a presence of magnetic field B ,chemical

potential and gap.The magnetic field dependence of the current-current correlation
function is defined by third order Feynman diagrams in Fig. 2. For current-current
correlation function we get

iB L 1 dn*-m*) 1 407* —m*)
11,,(B)=- g (Ui f1- +—(- -2 ="
3 471_]’7[ M ’"2 . ql qZ 772 ( qZ ))
4
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Fig.2. Third order Feynman diagram for current-current correlation function

The third chapter is about topological insulators. Topological insulators (Tls) are a
class of such materials, and nowadays they are a hot topics for the research.
As Tlis are related to a new side of quantum mechanics, the topology of the Hilbert
space, they brought a new understanding to the considered workings of nature.
Tis are called “topological” because the wave functions representing their electronic
state range a Hilbert space that has a nontrivial topology. Quantum-mechanical wave
functions are characterized by linear combinations of orthonormal vectors creating a
basis set, and the abstract space spanned by this orthonormal basis is called Hilbert
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v

space. In crystalline solids, the wave function can be viewed as a mapping from the k-
space to a manifold in the Hilbert space (or in its projection}, and hence the topology
becomes relevant to electronic states in the solids.

Depending on the way the Hilbert-space topology becomes nontrivial, there can be
various different kinds of Tls.

An important consequence of the nontrivial topology related to the wave functions
of the insulator is that the gapless interface state necessarily manifests itself when the
insulator physically ends and collides with a conventional insulator (including
vacuum).

This happens because the nontrivial topology is a discrete characteristic of
gapped energy states, and as long as the energy gap remains open, the topology
cannot change; hence, in order the topology to change across the interface into a
trivial one, the gap must be closed at the interface. Therefore, three-dimensional 3D
Tls are always connected with the gapless surface states, and so aretwo-dim ensional
(2D) Tls with gapless edge states . This necessity condition for the occurrence of
gapless interface states is called bulk-boundary correspondence in topological
phases.

As for the two-dimensional Dirac fermions, they can also be observed on the
surface of three-dimensional topological insulators.

Although they are doubled, it is easier to control them, because they occur on
opposite surfaces that are spatially separated.

Some experimental and theoretical studies on the QHE of the surface states of
topological insulators have been examined. Particularly, in a magnetic topological
insulator with broken inversion symmetry nondegenerate surface states have been
realized and the QHE for a single Dirac fermion has been observed.

In third chapter the polarization operator of non-relativistic fermions with spin-orbit
(SO) Rashba interaction is presented. The spectrum of this fermions is moat type
having minimum on a circle. Contrary to the Dirac or non-relativistic fermions Fermi
sea, here there is a geometry of Corbino disk which reflects on a transport
properties of excitation's. In modern physics there are materials, such as topological
insulators (TI), where the spectrum of non-relativistic particles is combined with
relativistic Dirac component.

The analysis of the transport properties of this type of system is an important task
that needs to be solved.

The polarization operator is a mathematical construction that determines both the
longitudinal and Hall conductivities on the one hand and the effective action of the
gauge field defined by quantum fluctuations of fermions, on the other. In this

11



chapter, the calculation of the polarization operator of fermions with a spectrum of
the type is presented. The most common form of the main Hamiltonian of such
systems is

H(K)=¢,+ Y. d(k)o,

i=x,y.z

Characteristics picture of two branches of this spectrum is presented in Fig.3,
while only lower branch is forming the ground state.

Fig.3. Two branches of spectra of moat type

In Fig.4a the characteristic form of the Fermi sea is presented
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In result for longitudinal conductivity as a coefficient of finear response to external
electric field is obtained

Tk, 0)~Tolky,0) i

8”(—1——}}—) w+2n
m €

We have presented here the calculation of the polarization operator in the
fermionic system, which have moat type spectrum. The answer has normal part,
leading to Drude conductivity and anomaly part, defined by Rashba SO-term in the
Hamiltonian. The result presents correct, expected limits aty, =0, when Rashba

()]

term is zero, at m = oo ,when non-relativistic part of the Hamiltonian is zero and we
have only Rashba term. At the minimal chemical potential the conductivity became
zero.

Fig.4. (a) Lower branch of spectrum with filled Fermi sea. (b} The Fermi
momentum of inner and outer circles

In fourth chapter it is presented the mini-superspace limit of boundary three-
point function in Liouville field theory. in this chapter the matrix elements of the
boundary Liouville field theory are studied in the mini-superspace limit. In the
minisuperspace limit only the zero mode dynamics survives and the theory is

13



reduced to the corresponding quantum mechanical problem. The mini-superspace
limit of the Liouville field theory was considered in some works. In this chapter we
study the mini-superspace limit of the boundary three-point function in the BLFT.
The boundary three-point function in the BLFT was computed and expressed via
double Gamma and doubfe Sine functions. Using known asymptotic properties of the
double Gamma and Sine functions, we have shown that in the mini-superspace limit
the boundary three-point function can be expressed via the Meijer functions with the
unit argument or equivalently via the generalized hypergeometric functions with the
unit argument. Also the matrix elements are computed for the Morse potential and
have shown that they can be expressed via the generalized hypergeometric
functions with the unit argument as well. Using the identities, relating different
generalized hypergeometric functions with the unit argument, and matching
quantum and classical parameters, we established exact agreement between the mini-
superspace limit of the boundary three-point function and the matrix elements for
the Morse potential. It is important to note that in the BLFT relation of the boundary
cosmological parameter to the corresponding quantum parameter appearing in the
boundary one-point function is two-fold due to a sign ambiguity in the choice of the
square-root branch. It has been found that to match the minisuperspace fimit of the
boundary three-point function with the corresponding quantum mechanical matrix
element

we should use the branch with the negative sign. In the thesis we also show that the
passing from one branch to the another one brings to additional factor in the
normalization of the wave functions corresponding to the boundary condition
changing operators. We would like also to mention that various consequences of the
branching of the BLFT parameters earlier were considered in some publications.

In the mini-superspace limit the boundary Liouville field theory is described by the
Hamiltonian with the Morse potential. The corresponding eigenfuntions satisfy the
Schrodinger equation. It has been discussed in this chapter quasi-classical properties
of the boundary three-point functions. We found perfect agreement with the
corresponding quantum mechanical calculations. The matching of the calculations
required to consider the negative branch in the branched correspondence of the
classical and quantum parameters. It has been shown that passing from one branch
to another leads to the change in the normalization of the wave functions. It has been
found the flip of the boundary conditions induced by the exponential operators in the
minisuperspace limit.

In fifth chapter it is constructed the topological defect in the Liouville field theory
producing jump in the value of cosmological constant. We construct it using the
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Cardy-Lewellen equation for the two-point function with defect. It has been shown
that there are continuous and discrete families of such kind of defects. For the
continuous family of defects we found the Lagrangian description and check its
agreement with the solution of the Cardy-Lewellen equation using the heavy
asymptotic semiclasscial limit. The connection between the fractional Hall effect and
two-dimensional conformal field theories is well known and has many different
aspects.Much effort was put into establishing connections between various conformal
blocks and Laughlin’s wave functions.

Cappelli with collaborators studied the Hall effect using incompressible fluid
approach with symmetry. In were considered conformal blocks and their relation to
Hall effect on arbitrary Riemann surface. Ancther very interesting aspect is the
relation between edge physics of Hall effect and 2D CFT with boundaries and
topological defects. In the recent works emerged important role of 2D Liouville CFT
in study of the fractional Hall effect. In these works the Liouville theory cosmological
constant plays the role of the chemical potential.

Therefore one can hope that boundary Liouville field theory and Liouville theory
with defects can have applications to the edge physics of Hall effect. In the fourth
chapter it is studied three-point boundary correlation function in the Liouville field
theory. The motivation for the second work was the fact that in the FQHE one has
jump of the chemical potential .In the fifth chapter it is constructed topological
defect gluing Liouville field theories with different cosmological constant. We have an
impression that our construction can be useful to understand the physics of the
mentioned jump. It has been checked that the system of the defect equations of
motion guarantees that both components of the energy-momentum tensor are
continuous across the defects and therefore describes topological defects.

In conclusion, the main results of the dissertation are listed.
The complete list of used literature is presented in the thesis.

Dissertation’s presentation

15



The main results of the thesis were discussed at the YerPhl Joint Theoretical Physics
Laboratory and Yerevan State University(YSU).
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HexoTtopble acnekTbl ABneHna ksaHtTosoro Xonna
Pesome

B nuccepraumy nzyyarotca HekoTopble acnekTbl agbchexTa kBaHToBOrO Xonna.beina
paccmoTpeHa (2+1)-mMepHaa cucTema COCTOAWEA W3 [UPaKOBCKUX 6E3MaccoBbIX
hEPMUOHOB, MPUMEPOM KOTOPOTO ABRAETCA rpaceH. [lposogumocTb bbina paccyu-
TaHa anA rpadeHa Npu NPOU3BONBHOM XMMWUYECKOM NoOTeHuuane B npubnumeHuu
ogHonetnesoil Auarpammbl delinmaHa. Takue CUCTEMbI MHTEPECHBI TEM, YTO B 3TUX
MOJENAX MOMHO HabnopaTh ABNEHUE KBaHTOBOro adhchekTa Xonna npu OTCYTCTBUM
HyneBoil MPOBOAMMOCTU UM HYNEBOrO MarHUTHoro nona. B pabore 6bina nonydeHa
chopMyna [OAA NONAPU3aLWUOHHOrO OnepaTopa, PacyeT KOTOpoii Mo3BONAET onpepe-
NUTb NPOBOJUMOCTb.

B aucceprauuu paccuvTaHa Takme TOK-TOK KOPPEnAuMOHHaA (hyHKuuA gna 2+1-
MEPHOW CUCTEMbl B CRyYae MpPOU3BONLHOTO XUMWUYECKOrO  MOTeH-uuana U
HEKBAHTOBAHHOMO  BHEWIHEr0 MAarHWTHOro mnoma. PacyeTsl npoBoAUANCL B
npubnumeHun TpeTbero nopapka Avarpamm Peitimana (3 + 1 mepHbix cucTemax
TaKkue AuarpamMmbl HE yHUTbIBAalOTCA cornacHo Teopeme Pappu). B cospemenHoit
(hu3nKe CYLLECTBYIOT HEKOTOPbIE BELLECTRA, HANPUMEP TOMONOrMYECKUEe U3ONATOPBI C
KOHEYHbIMU COCTOAHMAMM, KOTOpble npefcTaBAloT  Oonbiioii  uHTepec. [na
TOMONOMMYECKUX M30NATOPOB PacCYMTaH ONepaTop NONApW3aLuu AAs CnuH-opbu-
TanbHOro B3auMmogeicTauA Pawbbl C HEPENATUBUCTCKUMU hepMuoHamu. DHepreTu-
YecKWii cnekTp Takux (HPEepPMUOHOB MpPEAcTaBAAeT cOOOW AMY W UMEET  MUHU-
MaNbHYH OKPYMHOCTb.

B oTtauuue OT AMPAKOBCKUX UMM HepelnATUBMUCTCKUX chepMUoHOB, mope Pepmu
vmeeT reometpuio aucka HKopbuHo, KoTOpas oOTpamaeT TpaHCMOPTHble CBOICTBa
Bo3bympaeHuil. PaccmoTpeHbl Tononorudeckue paedekTol B Teopuu Jluysuana c
pasiuyHbIMK  KOCMONOTMYECKMMM  KOHCTaHTamu. AnanorudHaa mogenb  Obina
MOCTpOEHa C UCMonb3oBaHuem ypaeHeHua Kappu-flesunena ¢ pedpektom  pns
apyxTodeuHoil chyHkuun. MokasaHo, 4TO CylECTBYIOT AMCKPETHbIE U MOCTOAHHLIE
cemeiictBa ¢ Takumun gecbextamu. [nA HenpepbiBHOro cemeiictea aedekToB Hbino
HalifeHO onWUcaHWe narpaHMuaHa W MOKasaHO cornacMe ¢ ypaBHeHuem HKappu-
NeBunena B TAMENOM KBa3uknaccuyeckom npegene. B3aumMoceAsb MEMAY KBAHTOBbLIM
achchektom Xonna v ABYMEPHO KOMCDOPMHOW Teopueil monAa umeeT pasnuyHbie
acnekTbl. Marte-mMaTuyeckue 3nemMEHTb rpaHUYHON Teopuu JIMyBUANA W3yyanucb B
pamkax MMHW-CynepripocTpaHcTse. B 3ToM npepene octaloTcA TONbKO HYNEBbiE MOAbI,
M B pesynbTaTte Mbl MPUXOAUM K KBAHTOBO-MEXaHWuecKoll 3agave. Matpuy-Hble
3MEMEHTbI TpaHi4HOi Teopumn JlnyBuana u3yyanncb B MUHU-CYNEPNPOCTPAHCTB, rae
OCTAalOTCA TONbKO HyneBble MOAbl, M B pe3ynbTaTe Mbl MPUXOAMM K KBAHTOBO-
MexaHu4eckol 3apade. B muHu-cynepnpocTparcTee 6bina paccuyutaHa npeaenbHan
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TPEXTO4YENHaA hyHKUMA Teopuu nona Jluysunns, koTopas Gbina BblpaMeHa uepes
HeTHyto ['amma-chyHKLMM U CUHYCOMARNbHBIE ChYHKLLMM. Wcnonbsya acumntoTuyeckue
CBOWCTBA 3TUX ChyHKUMIA, BbINO NOKA3aHO, YTO KOHEYHaA TpeXTove4HaA yHKUNA B
MPeAene MUHK-CYNepnpoCTpaHCTBa MOMET EbiTh BhipaxeHa Yepes dyHkumio Meiiepa
CAVHUYHBIM ApTryMEHTOM WAM Yepe3 3SKBUBANEHTHyro OBO6WLEHHYIO ruNepreomer-
PUYECKYHO ' (DYHKLMIO €AMHUYHBIM apTyMEHTOM. MatpuiHblie anemeHTs noTeHuuMana
Mop3se Take 6binn BbIMMCAEHBI M MOKA3aHbI, YTO OHM TaKMe MoryT 6biTb BbipameHb!
B COOTBETCTBYHOLUMX MMNEPTPOMETPUYECKIX ChYHKLIMAX.

(TN
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